FOURIER TRANSFORMATION OF SATO'S 
HYPERFUNCTIONS 



A. G. SMIRNOyi 

Abstract. A new generalized function space in which aU Gelfand-Shilov 
classes S'^ (a > 1) of analytic functionals are embedded is introduced. This 
space of ultrafunctionals does not possess a natural nontrivial topology and 
cannot be obtained via duality from any test function space. A canonical iso- 
morphism between the spaces of hyperfunctions and ultrafunctionals on R*' 
is constructed that extends the Fourier transformation of Roumieu-type ul- 
tradistributions and is naturally interpreted as the Fourier transformation of 
hyperfunctions. The notion of carrier cone that replaces the notion of support 
of a generalized function for ultrafunctionals is proposed. A Paley- Wiener- 
Schwartz-type theorem describing the Laplace transformation of ultrafunc- 
tionals carried by proper convex closed cones is obtained and the connection 
between the Laplace and Fourier transformations is established. 



1. Introduction 

It is well known that Sato's hyperfunctions cannot be interpreted as continu- 
ous linear functionals on any test function space. For this reason, the standard 
definition of the Fourier transformation of generalized functions is inapplicable 
to hyperfunctions. This difficulty does not appear in the framework of Fourier 
hyperfunctions ^llj that grow at infinity no faster than any linear exponential. 
Kawai [5] has established that the space of Fourier hyperfunctions on is 
naturally identified with the continuous dual of a suitable test function space 
(actually coinciding with the Gelfand-Shilov space and is taken to itself 

by the Fourier transformation. However, the question is still open whether it is 
possible to construct the Fourier transformation of general hyperfunctions with 
no growth restrictions imposed. The aim of this paper is to fill this gap. 

The proposed construction naturally arises from the consideration of analytic 
functionals defined on Gelfand-Shilov test function spaces ^^(M^) with a > 1. 
According to pj the Fourier transformation induces a topological isomorphism 
between S'°(R*^) and the space Sq{R''), whose continuous dual S'^(M'') is exactly 
the space of Roumieu's ultradistributions (TU] of class {k°'^}. The space B(M.^) 
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of hyperfunctions on M.^ can be thought of as the "hmiting case" of the spaces 
5'q"(M'^) as a J, 1. Therefore, we can try to define the Fourier transform W(M'^) 
of the space B(M.^) by passing to the limit a | 1 in the definition of the spaces 



Unfortunately, we cannot just set W(M^) = (M^) because the space ^^(M^) 
is trivial pp. The way of overcoming this difficulty is suggested by the results of 
the papers [1^1 IT^ concerning the localization of analytic functionals belonging 
to S'^{M.^). In these works, the notion of carrier cone that replaces the notion 
of support of a generalized function for analytic functionals was proposed (the 
standard definition of support does not work because of the lack of test functions 
with compact support). The definition of carrier cones is based on introducing, 
for every closed cone K, a suitable test function space S^{K) in which 5'°(M*^) is 
densely embedded (the precise definition will be given in Section|21); a functional 
u G S'^''(]R'^) is said to be carried by a closed cone K if u has a continuous 
extension to S'^{K). As shown in jTH], every functional in S'^''(]R'^) has a uniquely 
defined minimal carrier cone. The definition of the spaces associated with cones 
is naturally extended to the case a = 1 and it turns out that the spaces Si{K) 
over proper^ closed cones are nontrivial. The space W(R^) is obtained by "gluing 
together" the generalized function spaces S'^{K) associated with proper closed 
cones K gM.^ (this procedure will be given a precise meaning in Sectioning. 

The properties of the elements ofU{W^), which will be named ultrafunctionals, 
are quite similar to those of analytic functionals in S'^{W^). In particular, the 
definition of carrier cones is extended to the case of the space W(]R'^) and it turns 
out that every ultrafunctional has a uniquely defined minimal carrier cone. For 
a closed proper cone K, the space U{K) consisting of ultrafunctionals carried 
by K coincides with S'^{K). The spaces S'^{K) are naturally embedded in 
U{K) for any closed cone K. If K, i^i , . . . , Kn are closed cones in R'^ such that 
K = IJ^=i -^i' then every ultrafunctional u G hl{K) is representable in the form 



Every exponential decreasing in an open half-space containing a convex proper 
closed cone K belongs to the space Si{K). This allows us to define the Laplace 
transform CkU of every ultrafunctional u carried by K. We prove an elegant 
Paley-Wiener-Schwartz-type theorem asserting that the Laplace transforma- 
tion Ck induces a topological isomorphism between lA (K) and the space of all 
functions analytic in the tubular domain M.^ + iV, where V is the interior of 

cone U in will be called proper if J7 \ {0} is contained in an open half-space of R'^ 
(the bar denotes closure). For convex closed cones, this definition is equivalent to the usual 
one according to which a cone is called proper if it contains no straight lines. 
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the dual cone of K. The Fourier transform J^u of an uhrafunctional u carried 
by a convex proper closed cone K is by definition the boundary value in S(M^) 
of the Laplace transform of u. For a general u G U(M''), we take a decompo- 
sition of the form where all Kj are convex proper closed cones, and set 
J^u = 'YTj=i^'^3- The hyperfunction Tu so defined does not depend on the 
chosen decomposition. We prove that the operator T maps lA{Ml^) isomorphi- 
cally onto i3(R^) and that its restriction to 5'^°(]R'^) coincides with the ordinary 
Fourier transformation determined via duality by the Fourier transformation of 
test functions. 

The paper is organized as follows. In Section |2l we give a brief exposition of 
the results of the works [121 Ej concerning the spaces S'^''(]R'^) with a > 1 and 
obtain a useful representation of S'^''(R^) in terms of the spaces associated with 
proper closed cones. In Sectional we introduce the spaces S^^K) and IA{K) 
and give the precise formulations of the main results. In the same section, 
we prove the compatibility of the operator JF with the Fourier transformation 
of ultradistributions. Section HI is devoted to a detailed study of the spaces 
S^{K) over proper closed cones and to the proof of the above-mentioned PWS- 
type theorem. In Sectional the results concerning carrier cones (the existence 
of a unique minimal carrier cone of an ultrafunctional and the existence of 
decompositions of the form are established. In Section the bijectivity 

of the Fourier operator JF is proved. In Section [71 we indicate some possible 
further developments of these results. The proofs of some algebraic statements 
of Section [S] are given in Appendices A and B. 

Acknowledgements. The author is grateful to M. A. Soloviev for useful 
discussions and to the referee for valuable suggestions. 



2. Localization of analytic functionals on Gelfand-Shilov 

SPACES 

The space S'f (M^) is by definition the union (inductive limit) with respect 
to A, i? > of the Banach spaces consisting of smooth functions on with the 
finite norm 

(2.1) sup 





\x^^^'f{x)\ 


mB\^'\\\\ 


\a\\\ 




/3|mI 



where A and /i run over all multi-indices and the standard multi-index notation 
is used. The spaces are nontrivial if « + /?>! or if a, /5>0 and a + [3 = 1. 
For a = 0, the spaces S'f consist of functions of compact support. If < 
/5 < 1, then consists of (the restrictions to M'^ of) entire analytic functions 
and an alternative description of these spaces in terms of complex variables is 
possible [T|. Namely, an analytic function / on C'^ belongs to the class if 
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and only if 

1/(^)1 < Cexp(-|x/A|i/" + z = X + G C^ 

for some A,B>0 depending on /. For definiteness, we assume the norm | ■ | on 
M.^ to be uniform, i.e., |x| = sup]^<j<^ \xj\. As shown in [T|, the Fourier transfor- 
mation isomorphically maps the space S'f onto S'^. The Fourier transformation 
of generahzed functions on is defined in a standard way, as the dual mapping 
of the Fourier transformation of test functions, and maps S'£ onto S'^. 

In what follows, we confine our discussion to the case (3 = which is of 
primary interest to us, but in fact only the condition (3 < 1 guaranteeing the 
analyticity of test functions is necessary for the constructions described in the 
rest of this section. We say that a cone is a conic neighborhood of a cone U 
if W has an open projection^ and contains U. 

Definition 2.1. Let a > 1 and f/ be a nonempty cone in M'^. The Banach 
space S^^{U) consists of entire analytic functions on C'^ with the finite norm 

\\f\\u,A,B = sup exp(|xM|i/" - 6u{Bx) - \By\), 

where Su{x) = mi^'^u \x — x'\ is the distance from x to U. The space S^{U) is 
defined by the relation 

a,b>o,wdu 

where W runs over all conic neighborhoods of U and the union is endowed with 
the inductive limit topology. 

According to the above, for f/ = M'^, this definition is equivalent to the initial 
definition of 5'°(M'^). From now on and throughout the paper, all cones in 
question will be supposed nonempty. As a rule, the word 'nonempty' will be 
omitted. In the rest of this section, we assume that the nontriviality condition 
a > 1 is satisfied. If U' C U, then the space 5'°(f/) is continuously embedded 
into S^{U'). If C M'^ is a cone with open projection, then Definition 12 . II gives 

(2.2) S'^{W)= U 

A,B>0 

The following statement is an immediate consequence of Definition 12.11 for- 
mula (j2.2j) . and the associativity property of inductive limit topologies. 

projection Pr W oi a, cone W cM.'' is by definition the canonical image of W in the 
sphere §fc_i = (R*^ \ {0})/R+; the projection of W is meant to be open in the topology of this 
sphere. Note that the degenerate cone {0} is a cone with an open (empty) projection. 
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Lemma 2.2. Let U be a cone in M^. Then 

(2.3) S'^iU) = U S'^iW), 

w:dU 

where the union is taken over all conic neighborhoods of U and is endowed with 
the inductive limit topology. 

A closed cone K is called a carrier cone of a functional u G S'^{M'') if u can be 
extended continuously to the space S'^{K). The following three basic theorems 
were established in I14j. 

Theorem 2.3. The space S'^{M.^) is dense in S'^{U) for any cone [/ C M^. 
Theorem 2.4. // both Ki and K2 are carrier cones of u E S'^iM.''), then so is 

KinK2. 

Theorem 2.5. Let Ki and K2 be closed cones in M'^ and u G S'^(]R'^) be carried 
by KiU K2. Then there are ui^2 £ 5'^''(ffi'^) carried by K12 and such that u = 

Ui+U2- 

Theorem 12.31 shows that the space of the functionals carried by a closed cone 
K is naturally identified with the space S'^{K). It follows from Theorem 12.31 
and Lemma 12.21 that a functional u G S'^{W^) is carried by a closed cone K 
if and only if u has a continuous extension to the space S^{W) for every conic 
neighborhood W of K. Theorem 12 .41 implies that the intersection of an arbitrary 
family {K^}ujen of carrier cones of a functional u G 5'^''(M'^) is again a carrier 
cone of u. Indeed, let be a conic neighborhood of = flweQ-^i^- Then by 
standard compactness arguments, there is a finite family ui, . . . ,Un G f2 such 
that K = fXj^i K^. C W. By Theorem 12.41 is a carrier cone of u and, 
therefore, u has a continuous extension to S^{W). Hence i^' is a carrier cone of 
u. In particular, every functional u G S'^{M.^) has a uniquely defined minimal 
carrier cone — the intersection of all carrier cones of u. 

Remark 2.6. In [1^1 IT^ . only open and closed cones were considered. The 
space S^(W) associated with an open cone W was defined by formula ()2.2|) . 
For a closed cone K, the space S^{K) was defined as the right-hand side of 
(j2.3p . where the union is taken over all open cones W such that K \ {0} C W. 
Definition 12 . II covers both these cases. Using cones with open projection instead 
of open cones allows treating the degenerate cone {0} on the same footing as 
nondegenerate closed cones. Theorem 12.31 was actually proved in only for 
open and closed U. This implies that Theorem 12.31 holds for cones with open 
projection and Lemma f2.2l ensures that it is valid for arbitrary U. 

Let K, K' be closed cones in M'^ such that K' C K. We denote by p^, ^ 
the natural mapping from S'^{K') to S'^{K) (if u G S'^{K') then p^i is the 
restriction of u to S^{K)). It follows from Theorems ESI 1231 and 12.51 that 
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a) The mappings p^, ^ are injective for any K' C K. 

b) If M e S'^{Ki U A'2), then there are mi,2 G S'^{Ki^2) such that u = 

c) If ui^2 e S'^°(iiri,2), C K, and Pkj_,k''^i = P^2,/^'"2, then there is a 
u e S'^{Ki n such that Ui = PK^nK2,KiU and U2 = PK^nK2,K2'^- 

Remark 2.7. Starting from the spaces S'^{K), one can construct a flabby sheaf 
on the sphere = (M'=\{0})/M+. For Q C §fc_i, let C(Q) denote the cone 
in M'^ containing the origin and such that ViC{Q) = Q. For an open set O C 
§fe_i, set da{0) = S'^{C{0))/S'^{C{dO)), where dO is the boundary of O and 
the bar stands for closure in §^-1- Proceeding as in Section 9.2 of the book jl], 
where hyp erf unctions are constructed from analytic functionals, and using the 
properties a), b), and c) reformulated in terms of closed subsets of Sk-i, one can 
define the restriction mappings da{Oi) — >• da{02) for Oi D O2 and prove that 
is indeed a flabby sheaf. Note however that da{^k-i) = (M'^)/Sf ({0}). Thus, 
passing from the spaces S'^{K) to the sheaf leads to the loss of information 
concerning the functionals carried by the origin. Moreover, since >S'^''({0}) is 
dense in every space S'^{K), all information about the topology of these spaces 
is also lost. 

Lemma 2.8. Let M be a closed cone in M'^ and P be a set of closed subcones 
of M such that Ki r\ K2 E P for any Ki,K2 G P. Suppose there is a finite 
subset P' of P such that M = IJxeP' Then the space S'^{M) is canonically 
isomorphic as a topological vector space to lini ^^^^ S'^^K) (the set P is meant 
to be naturally ordered by inclusion). 

The inductive limit in Lemma is taken, in general, over a partially ordered 
but not directed set of indices. The definitions of the inductive system and 
inductive limit, which are usually formulated for the case of a directed set of 
indices, are immediately extended to this more general case. Moreover, the 
usual inductive limit universality property remains valid in this more general 
case. Precise formulations concerning such generalized inductive systems will 
be given in the end of this section. 

Proof of Lemma \2.t^ For K & P, we denote by and lx the canonical map- 
ping from S'^{K) to lim^^^ S'^{K) and the canonical embedding of S'^{K) 

into ®K€pSa{K) respectively. If K,K' e P and K' C K, then we have 
Pk' m — Pk mPk' k ^^"^ by the inductive limit universality property, there is a 
unique continuous mapping /: \\m^^^S'2{K) S'^{M) such that p^.Af — ^Pk 
for any K E P. It follows from property b) that / is surjective because M can 
be represented as a union of finitely many cones belonging to P. We now 
prove the injectivity of /. Let N be the subspace of Q)KepS'^{K) spanned 
by all vectors of the form lk'U — lrPk' x^' where K, K' E P, K' G K, and 
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u G S'^{K'). The space hm^^^ S'^{K) is by definition the quotient space 
®K&pSa{K) / N . It suffices to show that for any Ki, . . . , Kn G P and every 
Ml e S'^{Ki), ...,Une S'^{Kn), the relation Pk,,m'^i + - ■ ■+PK„,MUn = implies 
that lkiUi + . . . + iRn'^n belongs to A^. The proof is by induction on n. If n = 1 
and f^fUi = 0, then by a) we have Ui = 0. We now assume n > 1 and prove 
the statement supposing it holds for n— 1. Let K = KiU. . .UKn~i, K' = KdKn, 
and u = Pxi,x^ii + - • • +pL-i,x«"-i- '^^^ ^^^^ Pk^^m^u = -px^M^ and by 
property c), there is a -u' G S'^{K') such that m„ = p^, m' and u = — p^' i^""'- 
Let K'j = Kj n Kn, j = 1, . . . ,n — 1. Since P is closed under finite intersections, 
we have K'j G P. By property b), there are u[ G ^^^(/rO' • • • ^ ^n-i ^ 'S'^°(-^n-i) 
such that u' = p^/ + . . . + p^/ ^ We therefore obtain 

(2-4) Un = pK[,Kyi + ■■■ + Px;_,,i^„<-i- 

Set Vj = Uj + p^, ^ m' , j = 1, . . . , n - 1, and z/ = + . . . + LK„-iVn-i- By 

the induction hypothesis, we have u G N because 

Ph,MVl + ■■■+ PK„_,,MVn-l = PXi,mWi + • • • + Px^.M^n = 0. 

Further, we have 

+ {lk'u[ - Lk^Pk[,K^u\) + . . . + - i^Kr,-rp\^^,K,,^^u'^-l)- 

By definition of the space iV, the terms in the round brackets belong to N and 
in view of (j2.4j) the term in the square brackets also belongs to N . Therefore, 
the expression in the left-hand side belongs to and the injectivity of / is 
proved. It remains to show that is continuous. Suppose at ffist that the set 
P is finite. Since S'^{K) are Frechet spaces [H], Q)KepS'^{K) is also a Frechet 
space. By the above, coincides with the kernel of the continuous mapping 
{uK}KeP — > YliKeP P'k,m''^k- Therefore, iV is a closed subspace of ®K(^pSa{K) 
and lini ^^^^ S'^{K) is a Frechet space. The continuity of now follows from 
the open mapping theorem. If P is arbitrary, then choose a finite set P' such 
that M = Ui^eP' '^^^ assume that P' is closed under intersections of its 

elements (otherwise we can add to P' all cones that are intersections of elements 
of P'). Let /' and m be the canonical mappings from lim^^^, to S'^{M) 

and from lim^^^, S'^{K) to lim^^^ S'^(i^) respectively. Then we have /' = Im. 

By the above, /' is a topological isomorphism and, therefore, = mV~^ is 
continuous. The lemma is proved. □ 

In particular, the conditions of Lemma ITHl are satisfied if P is equal to the set 
V{M) of all nonempty closed proper subcones of M. We thus have the canonical 
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isomorphism 

(2.5) S'^{M)^\\m^^^^^,^^S'^{K). 

We end this section by reformulating some standard definitions and facts 
related to inductive limits for the case of partially ordered, but not necessarily 
directed sets of indices. By an inductive system X of (locally convex topological) 
vector spaces indexed by a partially ordered set A, we mean the following data:^ 

(1) a family {X {a)} ai^A of (locally convex topological) vector spaces; 

(2) a family of (continuous) linear mappings p^a''- '^(a) X{a') defined 
for a < a' and satisfying the conditions 

(i) p'^^ is the identity mapping for any a G A; 

(ii) Paa" = Pa'a"Paa' a < a' < a". 

In other words, A" is a covariant functor from the small category A to the cate- 
gory of (locally convex topological) vector spaces. Let denote the canonical 
embedding of X{a) in (Ba'€A^{ci')- The inductive limit hm^^^X{a) (or sim- 
ply limA') is by definition the quotient space [Q)aeAX{ci)]/N'^ , where N"^ is 

the subspace of ©aeA'^(tt) spanned by all elements of the form l'^x — i^'Paa'^^ 
X G X{a). The canonical mapping : X{a) —>■ lim A" is defined by the relation 
Pa — i'^'-a' where j"^ is the canonical surjection of ©Q-gyiA'(a) onto limA'. As 
usual, we have the following inductive limit universality property: 

Let ii^ be a (locally convex topological) vector space and ha be (contin- 
uous) linear mappings from X{a) to E such that h^'Paa' = ^a for any 
a < a'. Then there is a unique (continuous) linear mapping h: lim A" 
E such that ha = hp'^ for any a E A. 

Remark 2.9. Although the above definitions are quite standard, the proper- 
ties of such generalized inductive systems may be very different from those of 
inductive systems indexed by directed sets. For example, canonical mappings 
may be not injective even if all connecting morphisms p^^, are injective. 
Indeed, let be a vector space and A be the four-element set 7,5} with 

the order defined by the relations « < 7, a < 5, /3 < 7, and [3 < 5. We de- 
fine the inductive system X setting X{a) = X{j3) = A" (7) = X{6) = E and 
Pa-y = ~Pa5 = Pfi-y = = i*^^^; whcrc id^ is the identity mapping. Fix x E E 
and set zi = x — x, Z2 = x + if x, = l"^ x — if x, and z^ = x — t"^ x. 
Obviously zi, . . . , Z4 G N"^ and, therefore, x = {zi + Z2 + z^ + Z4)/2 belongs 
to A^'^. This means that p;^ x = for any x E E. 



^In the rest of this section and in Section[Sl where abstract inductive systems are discussed, 
the Greek letter a is systematically used to denote an element of a partially ordered set A 
and has nothing in common with the index of Gelfand-Shilov spaces. 
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3. Basic definitions and formulations of main results 

We now extend the constructions of the preceding section to the case a = 1 
which is of primary interest to us. By analogy with Definition 12 .11 we introduce 
suitable test function spaces associated with cones in M^. 

Definition 3.1. Let U he a. cone in M^. The Banach space ^^'^(f/) consists of 
entire analytic functions on C'^ with the finite norm 

\\f\\u,A,B = sup \f{z)\exp{\x/A\-6u{Bx) - \By\), 

where 5u{x) = infx'eu \x — x'\ is the distance from x to U . The space Si{U) is 
defined by the relation 

A,_B>0,iyD(7 

where W runs over all conic neighborhoods of U and the union is endowed with 
the inductive limit topology. 

For f/ = R'^, Definition 13. II is equivalent to the standard definition of S'5'(R'^) 
given in |r. Therefore, the space S^{U) is trivial for U = M'^. A sufficient 
condition for the nontriviality of Si{U) will be given in Lemma (3.31 Represen- 
tation ()2.2|) for the spaces S^(W) associated with cones with open projection 
and Lemma 12.21 obviouslv remain valid for a = 1 (in fact, one can show that 
formula (j2.2j) holds for a = 1 even without the assumption that W has an open 
projection, but we shall not prove this fact here). As shown in [T3j, S^{U) 
with a > 1 are DFS-spaces (we recall that DFS-spaces are, by definition, the 
inductive limits of injective compact sequences of locally convex spaces). In 
particular, they (and their duals) are reflexive, complete, and Montel spaces 0. 
The following lemma shows that the spaces Si{U) enjoy the same nice topolog- 
ical properties. 

Lemma 3.2. The space >S'°(f/) is DFS for any cone U C M.^. 

Proof. It suffices to show that the inclusion mapping 5'°'^(f/) S'^'^,{U) is 
compact for any A' > A, B' > B and every cone U C M.^. Let {/m}meN be 
a sequence of functions belonging to the unit ball of the space S^'^{U). By 
Montel's theorem, this sequence contains a subsequence {/m„} which converges 
uniformly on compact sets in C'^ to an entire analytic function /. To prove the 
statement, it suffices to show that the sequence {/m„} converges to / in 5°'^, (U). 
Set gu,A,B{x + iy) = -\x/A\ + B6u{x) + B\y\, x,y e R^. Since \\fmn\\u,A,B < 1, 
we have |/m„(-2^)| < e^^--*'-^^^^. Passing to the limit n — oo in this inequality, we 
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conclude that / G S^'^{U) and ||/||;7,a,_b < 1- Further, for any i? > 0, we have 

11/ - fmJu,A',B' < e^-/^' sup \fiz) - fmM\ + 

\z\<R 

+ \\f-fmJu,A,B sup e^^.-^'^(^)-^^.^'.«'(^) < e^/^' sup |/(z) +2e-^^, 

\z\>R \z\<R 

where L = mm({A' — A)/A'A,B' — B). Choose R{s) and n{e) such that 
2e-Lm < and e^(^)/^' sup|^|<^(^) \f{z) - fmAz)\ < e/2 for any n > n{e). 
Then ||/ — fm^\\u,A',B' < ^ for any n > n{e). The lemma is proved. □ 

Lemma 3.3. Let U be a cone in R^. If U is a proper cone, then the space 
Si{U) is nontrivial. If U contains a straight line, then Si{U) is trivial. 

Proof. Let ?7 be a proper cone and I be a linear functional on M*' such that 
[7 \ {0} C { X e M'^ I l{x) > 0}. Then S^{U) contains the function f{z) = e-'(^) 
and, therefore, is nontrivial. Now let U contain a straight line and / G Si{U). 
Let be a conic neighborhood of U such that / G S^'^iW) for some A,B > 

and W be the union of all straight lines contained in W. Clearly, 14^ is a cone 
with a nonempty interior. For x & W \ {0} and r G C, we set g{r) = f{Tx). 
It easily follows from Definition 13.11 that g G 'S'5''^|^j,| (M) and hence g = 0. 

Therefore, f{x) = g{l) = 0, i.e., / vanishes on W. By the uniqueness theorem, 
we conclude that / is identically zero. The lemma is proved. □ 

Lemma f3. 31 suggests that we can try to define the desired "nontrivialization" 
W(]R'^) of the space 5'^''(]R'^) (and, more generally, of the space S'^{M) over an 
arbitrary closed cone M) as the right-hand side of ()2.5p with a = 1. We then 
arrive at the following definition. 

Definition 3.4. Let M be a closed cone in M.^. The space U{M) is defined to 
be the inductive limit Ihn^gp^^j^^^^ Sf{K), where V{M) is the set of all nonempty 

proper closed cones contained in M. The elements of U{M.^) are called ultra- 
functionals. A closed cone K is said to be a carrier cone of an ultrafunctional u 
if the latter belongs to the image of the canonical mapping from hl{K) to U{Ml'). 

In this definition, the set V{M) is meant to be ordered by inclusion and the 
inductive limit is taken with respect to the natural morphisms Pk',k- 
Si{K) which are defined for K' G K and map the functionals belonging to 
Si{K') into their restrictions to the space Si{K). The canonical mappings 
homU{K') to U{K) will be denoted by p^, ^. Note that if is a proper closed 
cone, then U{K) is canonically isomorphic to Si{K). 

We shall see that W(]R'^) is Fourier-isomorphic to the space i3(]R^) which is 
known to have no natural topology. Therefore, the following result is by no 
means surprising. 
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Lemma 3.5. Let M be a closed cone in M'^ containing a straight line. Then the 
inductive limit topology onU{M) is trivial (i.e., IA{M) and are the only open 
sets). 

Proof. It suffices to prove that any continuous linear functional / on U{M) is 
equal to zero. For K G V{M), we denote by px the canonical mapping from 
Si{K) to U{M). The continuity of / means that the functional Ipx is continuous 
on Si{K) for any K G V{M). By Lemma f3 .21 the space Si{K) is reflexive for 
any cone K. Hence for any K G V{M), there is a function fx G Si{K) such 
that IpK u = u^fx) for every u G Si{K). If K' C K, then we have 

uifK') = IpK'U = lpKpK',KU = {pK',Ku){fK) = u{f k) , U G S'^{K'), 

and, consequently, /x' = fx- Choosing K' equal to the degenerate cone {0}, we 
see that fx = /{o} does not depend on i^' G V{M) and, therefore, belongs to the 
space L = fli^ePCA/) -^i (^)- Let i^i, . . . , K„ G V{M) be such that M = KiU 
. . .UKn. Since Skiu...uk„{x) = min(5xi(a;), . . . , Sk„{x)) for any x G M'^, it follows 
from Definition O that S^{M) = S^{KiU...U K^) = n . . . n 

Hence L C Si{M) is trivial by Lemma [3. 31 and fK = for any K G V{M). This 
means that Ipx = for every K G V{M) and, therefore, / = 0. The lemma is 
proved. □ 

Thus, there is, in general, no natural way to define a reasonable topology on 
U{K). Because of this, we do not endow these spaces with any topology and 
consider them only from algebraic point of view. One of the main results of 
this paper is that the ultrafunctionals have the same localization properties as 
the analytic functionals belonging to 5*^ (M'^) with a > 1. More precisely, the 
following analogues of Theorems 12.31 12.41 and 12.51 are valid. 

Theorem 3.6. The natural mapping p^, ^ : U{K') —>■ U{K) is infective for any 
closed cones K and K' such that K' C K . 

Theorem 3.7. Let {-ft't^jt^en he an arbitrary family of carrier cones of an ul- 
trafunctional u. Then flLjefi ^'^ ^^^^ ^ carrier cone of u. 

Theorem 3.8. Let Ki and K2 he closed cones in and an ultrafunctional u 
he carried hy Ki U K2. Then there are ui^2 £ W(M^) carried hy Ki^2 such that 

U = Ui+ U2. 

These theorems will be proved in Sectional 

Remark 3.9. The spaces U{K) determine a flabby sheaf on the sphere Sfc_i in 
the same way as the spaces S'2{K) (see Remark [2. 7|) . 

For u G Si{K), one can in a standard way define the operators of partial 
differentiation and multiplication by an entire function g of infra-exponential 
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type (i.e., satisfying the bound \g{z)\ < 0^6^'^' for every e > 0): 

du/dx,{f) = -u{df/dx,), {gu){f) = u{gf), f G S',{K), j = 1, . . . , fc. 

These operations are obviously compatible with the connecting morphisms pk',k 
and, therefore, can be lifted to the spaces U{K) over arbitrary closed cones. 
Let a > 1. The natural mappings from S'^{K) to Sf{K) taking functionals 
in S'^{K) to their restrictions to S^{K) are compatible with the connecting 
morphisms p^, ^ and Pk',k and in view of (j2.5j) determine a mapping from 
S2{K) to U{K) for any closed cone K. Below we shall see that these mappings 
are injective, i.e., the space S2{K) can be regarded as a subspace oiU{K). 

We now describe the construction of the Fourier transformation of hyper- 
functions. As a first step, we consider the Laplace transformation of analytic 
functionals on the spaces Si{K) over convex proper closed cones. In the rest 
of this section, we identify Sf{K) with U{K) for K e ViR''). For brevity, the 
natural embeddings p^^^,:U{K) U{R^) and p^ : S'^{K) S'^iW') will 
be denoted by ax and cr^ respectively. Let (•, •) be a symmetric nondegenerate 
bilinear form on M^. Given a cone U C M*^, we denote by U* its dual cone 
{ X G M'^ I (x, 77) > for any r] eU}. Note that U* is always closed and convex. 
A cone U is proper if and only if U* has a nonempty interior. If V is an open 

cone, then the function e*^'*'^ belongs to Si{V*) for every ( G = M'^ + iV. 
Given an open set O C M''', we denote by AiO) the space of functions analytic 
in an open set T*^ C C'^. The space AiO) is endowed with the topology of 
uniform convergence on compact subsets of . 

Theorem 3.10. Let K he a convex proper closed cone in M'^' and V = inti^*. 
For any u E IA{K), the function C, M(e*^''^^) is analytic in . The linear 
mapping Ck'- U{K) — > AiV) taking u G U{K) to this function is a topological 
isomorphism. 

The proof of this theorem will be given in Section |3J The function Cyu is 
called the Laplace transform of u. By definition, we have 

(3.1) {Cku){C) =u{e'^-^^^), CeR'^ + MutK*. 

For an open cone C M'^, we denote by by the linear mapping taking functions 
in ^(V) to their boundary values in the space of hyperfunctions i3(]R'^). Let 
K,K' C M'^ be proper convex closed cones, V = inti^*, and V = intK'*. If 
K' C K, then Ck Pk',ku is the restriction of Ck' u to for any u G Si{K'). 
This implies that hyLx' = hyCx P^'^k^ ^y the inductive limit universality 
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property,^ there is a unique mapping T : W(]R^) — > i3(]R'^) such that 

(3.2) Toy, = hyCv' 

for any open convex cone C M'^. 

Theorem 3.11. The operator maps U{M.'') isomorphically onto B{M''). 

This theorem will be proved in Section |H1 The operator is naturally inter- 
preted as the inverse Fourier transformation of hyperfunctions. Indeed, for any 
j = 1, . . . ,k and u G U{M.''), we obviously have the standard relations 



du 



Moreover, the restriction of to ultradistributions of the class 5'q"(M'^) co- 
incides with the ordinary Fourier transformation determined via duality by the 
Fourier transformation of test functions. More precisely, let a > 1 and the 
Fourier transformation / of a test function / G (M'^) be defined by the rela- 
tion f{x) = J /(^)e^'^''^M^. As mentioned in Section the mapping / — / is 
a topological isomorphism from (M^) onto S'°(]R'^). Let JF" denote its dual 
mapping acting on generalized functions. Then we have 

(3.3) J^e° = 

where e": S'^{R'') W(M*^) and : 5^"(M'=) B{R^) are canonical mappings 
(see j7] for the construction of the natural embedding of ultradistributions into 
the space of hyperfunctions). To prove ()3.3|) . we recall some results concerning 
the Laplace transformation of analytic functionals belonging to the spaces S'^ 
with a > 1. For an open cone V, we denote by A'^iV) the Frechet space 
consisting of functions analytic in and having the finite norms 

|||v|||y',£,i? = sup |v(C)|exp[-£:|r7|"^/("~^)], r/ = ImC, 
CeT^',|CI<iJ 

for any e,R > and every compact subcone V of V. The following result has 
been established in [14j. 

Theorem 3.12. Let a > 1, K be a convex proper closed cone in M^, and 
V = inti^*. For any u E S'^{K), the function 3 C M(e*^''''^) belongs 
to A°'{V). The linear mapping S'^{K) — > A"{V) taking u G S'^{K) to 
this function is a topological isomorphism. The function {C^u){- + irj) tends to 
T°'a'^u in the topology of S'q"(M'^) as r/ ^ inside a fixed compact subcone V 
ofV. 



^Note that in the definition of W(R'^), it suffices to take the inductive hmit over all proper 
convex closed cones in R'^ because the convex hull of a proper closed cone is again a proper 
closed cone. 
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This theorem imphes the existence, for every open convex cone V, of the con- 
tinuous boundary value operator by : A"{V) — > S'q"(M'^) satisfying the relation 

(3.4) J^V^), =b^£^,. 

Let jy be the inclusion of A°'{V) into w4.(V) and be the canonical mapping 
from S'^{K) to U{K) (in particular, ej^fc = e"). By definition of the mappings 
e^, and Ck, we have the relations jyCy, = CyCy, and a"i^e^ = e"cr^ for 
any open convex cone V and every closed cone K. Theorem 11.5 of 7] ensures 
that for an open convex cone V, the boundary values of functions in A°'{V) in 
the sense of ultradistributions coincide with those in the sense of hyp erf unctions. 
This means that i°'hy = hyjy- It follows from these relations and formulas ()3.2|) 
and (D that 

2 y- CTy, = % byl-y* = byjyl-y, = Dyl-y.ey. = > (Ty* Cy* = > 6 CTy* 

for any open convex cone V . Relation (j3.3|) now follows from the inductive limit 
universality property. 

Lemma 3.13. The canonical mapping e^: S'^{K) U{K) is injective for any 
closed cone K G^^. 

Proof. For K = M.^, the statement follows from ()3.3|) because the Fourier oper- 
ator ^F" is an isomorphism and the canonical mapping i": Sl^{M.^) — * i3(R^) is 
injective by Theorem 7.5 of 7^. The injectivity of for an arbitrary K now fol- 
lows from the relation ax^'x = e^cx^ and the injectivity of the natural mapping 
0"^: S'^{K) S'^(R^) ensured by Theorem 12.31 The lemma is proved. □ 

We end this section by establishing the connection between the analytic wave 
front set (singular spectrum) of hyp erf unctions and of their Fourier transforms. 

Lemma 3.14. Let an ultrafunctional u he carried by a closed convex proper 
cone K cM'' and let f = Tu. Then the analytic wave front set WFA^f) of the 
hyperfunction f satisfies the relation 

iyF^(/)cM'x(ir\{0}). 

Proof. Theorem 9.3.3 of 01 implies that WFA{hv^) C x {V* \ {0}) for 
any connected open cone V and every v G A{y). Hence the assertion of the 
lemma follows because by definition of the Fourier operator JF, we have / = 

hnt K* ^K<^kU. □ 



Lemma 13.141 strengthens analogous results for tempered distributions and 
ultradistributions given by Lemma 8.4.17 of |4| and Lemma 2 of ^3] respectively. 
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4. Spaces Si{K) over proper cones 

In this section, we show that the properties a), b), and c) hsted in Section |21 
hold also for the spaces Si{K) and the mappings Pk',k provided that all in- 
volved cones are proper. The verification of these properties constitutes the 
"functional analytic" part of the proof of Theorems 13 . 61 ITTl and 13 .81 In the end 
of this section, we prove Theorem 13. lUI describing the Laplace transformation of 
ultrafunctionals carried by proper convex closed cones. 

As above, let (■, ■) be a symmetric nondegenerate bilinear form on M'^. For 
any x,y E M'^, we have \ {x,y) \ < a\x\\y\, where 

(4.1) a= sup \{x,y)\. 

1^1. 1?/I<i 

Lemma 4.1. Let A, B > 0, U be a cone in M^, and W be a conic neighborhood 
of U . Suppose 1] eM.'' is such that \ri\ < 1/Aa, where a is given by i \4-ll - Then 
the function e^''"^^ f belongs to 5'°(f/) for any f G S^'^(W) and the mapping 
f e^'^-*/ from S^'^{W) to Si{U) is continuous. 

Proof Let / G S^^iW) and G M'' be such that \r]\ < 1/Aa. Then 

|e<^'''V(^)| < \\f\\u,A,Bexp[-{l/A - a\r]\)\x\ + B6u{x) + B\y\], z = x + iy. 

Therefore, e^ '^^/ G Sl'%{W), where A' = A/{1 - Aa\r]\), and the mappmg 
/ — > e^''''^/ from Sl^'^{W) to S'l'^,{W) is continuous. It remains to note that the 
space S^'^,{W) is continuously embedded into Si{U). □ 

Corollary 4.2. Let A, B > and U be a cone in R^. Then for every f G Sl{U), 
there is an e > such that fe^'''^^ G Sl{U) for any r] eM.'^ with \r]\ < e. 

Let U he a. cone in M'^, a > 1, and rj G intU*. We denote by ^ the 
continuous mapping / fe~^'''^'^ from S^{U) to 5'°(f/). 

Lemma 4.3. Let U, U' be nonempty proper cones in Ml' such that U' C U . Then 
the space S^iU) is dense in the space S^{U'). 

Proof. Fix a> I and let / G Sl{U'). By Corollarv 14.21 there is an G int f/* 
such that /e^ '''^ G Sl{U'). This means that / belongs to the image ImM^ jj, of 
the mapping It follows from Theorem 12. 31 that S^{U) is dense in S^{U'). 

Since the image of the closure of a set under a continuous mapping is contained 
in the closure of its image, we have the inclusions Im ^, C Im ^ C S^iU), 

where the bar stands for closure in SliJJ'). This implies that / G Si{U). Since 
/ G Si{U') is arbitrary, the lemma is proved. □ 

Corollary 4.4. Let K, K' be closed proper cones in M.^ such that K' C K . Then 
the natural mapping Pk',k- Si{K') — > Si{K) is injective. 
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Corollary 4.5. Let U be a cone in and U' be a proper cone containing a 
conic neighborhood of U. A functional u G S'^{U') has a continuous extension 
to Si{U) if and only if u can be extended to every space Si{W), where W is a 
conic neighborhood of U contained in U' . 

Proof. Only the sufficiency part of the statement needs proving, li W <Z U' is 
a conic neighborhood of f/, we denote by uw the extension of u to S'liW). By 
Lemma I4.3( the functionals uw are uniquely defined and are compatible with 
the inclusion mappings (i.e., iiU dW C W C U\ then uw' is the restriction 
of Uw to SiiW')). As mentioned in Sectional Lemma remains valid for 
a = 0. Moreover, the union in ()2.3|) obviously can be taken only over conic 
neighborhoods of U contained in U' . The functionals uw therefore determine a 
functional u G Sf{U) such that uw are restrictions of u to SiiW). Since uw 
are extensions of u, we conclude that u is an extension of u and the corollary is 
proved. □ 

Lemma 4.6. Let Ki and K2 be nonempty proper closed cones in M.^ such that 
Ki U K2 is a proper cone. Then for every f G Si{Ki fl K2), there are f\^2 G 
5i°(iri,2) such that / = /i + /2. 

Proof. Let A, B > he such that / G S'°'^(/Ci fl K2). Fix a > 1 and choose 
T] e M} such that \t]\ < 1/Aa and r] G int (i^i U ^2)*. Then the function 
g = /e<-'''> belongs to S^{Ki n K2) and, consequently to ^"(iri fl K2). As 
shown in [12] (see also Lemma 1 of [12j), there are gi^2 G S^{Ki^2) such that 
g = gi + g2. Set /i,2 = gi,2e-^''^l Then /i,2 G S',iK,,2) and f = fi + /a- The 
lemma is proved. □ 

Lemma 4.7. Let Ki and K2 be closed cones in M'^. Then for every u G Sf{Ki\J 
K2), one can find Ui^2 ^ Sf{Ki 2) such that u = Pki,KiuK2'^i + Pk2,KiuK2U2- 

Proof Let /: S^iKi U K2) ^ 5°(A^i) © S^{K2) and m: S^iKi) © S^iK2) ^ 
Si{Ki n A'2) be the continuous linear mappings taking / to (/, /) and (/i, /2) to 
/i respectively. The mapping / has a closed image because by Definition EUl 
we have S^{Ki) fl S'°(A'2) = 5'°(A'i U A'2) and, therefore, Im/ = Kerm. In view 
of Lemma 13.21 this implies that the space Im / is DFS.^ By the open mapping 
theorem, the linear functional (/, /) 'u{f) is continuous on \m.l and by the 
Hahn-Banach theorem, there exists a continuous extension v of this functional 
to the whole of S^^Ki) © S'°(A'2). Let ui and U2 be the restrictions of v to 
Si{Ki) and 5° (A'2) respectively. Then for any / G S'°(A'i U A'2), we have 
w(/) = v{fj) = Ui{f)+U2{f). This means that u = Pki,KiuK2Ui + Pk2,k^uK2U2 
and the lemma is proved. □ 



^Recall that the direct sum of a finite family of DFS spaces and a closed subspace of a DFS 
space are again DFS spaces, see [H]- 
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Lemma 4.8. Let Ki and K2 he proper dosed cones in M'^ such that K1UK2 is a 
proper cone. Let ui^2 ^ S'['{Ki^2) be such that Pki,KiuK2Ui = Pk2,KiuK2U2- Then 
there is a u E Sfi^Ki fl K2) such that Ui = PKinK2,Ki u and U2 = PKinK2,K2 

Proof. Let the mappings I and m be as in the proof of Lemma l^n By Lemma lH)| 
the mapping m is surjective and by the open mapping theorem, Si{Ki fl K2) is 
topologically isomorphic to the quotient space {Si{Ki) Q) Si{K2)) /Ker m. Let v 
be the continuous hnear functional on S^{Ki) © Si{K2) defined by the relation 
v{fij2) = - U2{f2)- The condition Pk^,k^vjk2Ui = Pk2,KiuK2U2 means 

that Ui{f ) = U2{f) for every / G Si{Ki U K2). We therefore have Kert> D Iml. 
Since Kerm = Iml (see the proof of Lemma l4.7p . this inclusion implies the 
existence of a functional u G Si{Ki fl K2) such that v = um. If /i,2 € 5'°(-ft'i,2), 
then we have u{fi) = v{fi,0) = and ^(/s) = w(0, -/a) = n2(/2)- The 

lemma is proved. □ 

Corollary 4.9. Let be a family of closed cones in R^, K G be a 

proper closed cone such that C K for every u E Q, and K = CI^^qK^- 
Let {u^}ujen be a family of functionals such that u^j G S'l^K^^) and Pk^,kUuj = 
Pk^i,kUu}I for every uj.oj' G VL. Then there is a u E Si{K) such that u^i = 
Pk^k^u for every uj E fl. 

Proof. If Q is finite, then the statement follows by induction from Lemmas 14.81 
and 14.31 Now let Q be arbitrary and i^' D i^' be a proper closed cone containing 
a conic neighborhood of K. Clearly, the functional v = Pk^,k'{uuj) does not 
depend on the choice oi uo E fl. Let W (Z K' he a. conic neighborhood of K. 
By standard compactness arguments, there is a finite family cui , . . . , ti;„ G fl 
such that M = f]^^i K^. C W. Since this corollary holds for finite fl, we 
conclude that v has a continuous extension to S^M) and, therefore, to Sl(W). 
Corollarv 14.51 now ensures that v has a continuous extension u to Si{K). By 
Lemma lOl coincides with u^j for any u E fl because both functionals 

have the same restriction to S^{K'). The corollary is proved. □ 

To prove Theorem I3.1U1 we need the following lemma. 

Lemma 4.10. Let V be a convex open cone in M*^ and K = V* . Suppose a 
mapping V 3 y ^ u"^ E S'^^K) is such that e~^'''^''^u^ = u^~^^' for any r],r]' E V. 
Then there is a unique u E Sf^K) such that vl^ = e~^'''^'^u for any rj eV . 

Proof. Let A, > 0, be a conic neighborhood of K, and rj E Ml' he such 
that |?7| < 1/Aa, where a is defined by (14. We denote by L^^^ the mapping 

/ ^ e'^-'"^f from S[''l{W) to Sl{K). Lemma lO shows that this mapping is 
well defined and continuous. Let rj eV he such that |?7| < 1/Aa. We define the 
continuous functional uw,a,b on S^'^iW) by the relation 
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Although 7] enters in the expression in the right-hand side, uw,a,b actually does 
not depend on the choice of rj. Indeed, let rj' E V he such that \ri'\ < 1/Aa. Set 
7]" = tt]', where < t < 1. Since V is open, rj ~ rj" E V for t sufficiently small, 
and we have 

for any / G S^^iW). Let A' > A, B' > B, and W CW. U r] e V satisfies the 

bound |?7| < 1/A'a, then L^^^^^ is the restriction of L^, ^, ^, to S'^'^iW) and 
we have 

uwAAf) = ^'iLl,A,B f) = ^'iLl,,A',B' f) = nw'A',B'U). f e Sl^iW). 
Thus, the functionals uw,a,b are compatible with the embeddings S^'^(W) 
S'l'^,{W') and, therefore, determine a functional u G S'^{K). Let r],-!]' gV be 
such that \ri'\ < 1/Aa and rj — rj' G V. Fix / G Si{K) and choose A,B > and a 
conic neighborhood W of K such that the function e"'^ '''^/ belongs to S^'2{W). 
We then obtain 

This means that e~^''^'^u = u^' . It remains to prove the uniqueness of u. Suppose 
u' G Sf{K) is such that e~^''^'^u' = for any i] E V . Then v = u'—u satisfies the 
relation e~^''^'^v = for any r] G V. Let / G Si{K). By Corollarv l4.2l there is an 
T]eV such that e^-'^'^f G S^{K). We therefore have v{f) = {e-^-''i^v){e^-'i^ f) = 0. 
Thus, V = and the lemma is proved. □ 

Proof of Theorem VJ.llA As in the preceding section, we identify U{K) with 
Si{K). Fix a > 1. For u G S'i{K) and G we define the functional 
v"^ G S';,°(K) by the relation v'^if) = M(e-<''^>/), / G We then have 

(4.2) {Cku){C + tv) = v\e'^-'<^) = {C^v^'m, C G T^, 

and in view of Theorem 13. 121 the function {Cku){- +17]) is analytic in T^. Since 
?7 G is arbitrary, this implies that Cku is analytic in T^. If Cku = 0, then 
by ()4.2|) we have C^v^ = for any r] E V. This implies that v"^ = for any 
7] E V because the Laplace transformation is injective by Theorem 13.121 
Denoting by u"^ the restriction of to S^{K) and applying the uniqueness part 
of Lemma I4.10[ we conclude that u = 0. Thus, the operator Ck is injective. 
The mapping u ^ from Si{K) to S'^{K) is continuous for any r] E V being 
the dual mapping of the continuous mapping / e~^''^'^ f. It therefore follows 
from ()4.2|) and Theorem 13 . 1 21 1 hat the mapping u {Cku){ - + i'r]) is continuous 
as a mapping from S'i{K) to A°'{V) and, consequently, as a mapping from 
S'^{K) to A{V). This implies the continuity of Ck because for every compact 
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set K C T^, one can find an 77 G such that K — t] G . We now prove the 
surjectivity of Ck- Let v G AiV). Clearly, v(- + irj) G A"{V) for any t] E V. 
We set = (£^)~"'^v(- + irj) and denote by u"^ the restrictions of to Si{K). 
For every rj E V and C ^ 7"^, we have 

(/:ku'')(C) = u^{e'^-'^>) = t;^(e^<-'^>) = {Cl^v'^m = HC + ^v)■ 
Hence it follows that 

and in view of the injectivity of Ck we have e'^'^^'^nP = u^^^' . By Lemma f4.im 
there is a m G S'i{K) such that vJ^ = e~^'^^M for any rj eV . Fix C, = ^ + 17] E 
and choose rj' E V such that 7] — rj' E V. Then we have 

(/:k«)(C) = (e-<-''''>«)(e^<-'«+^(^-^')>) = + ^{V " V)) = v(C). 

Thus, Cku = V and, consequently, Ck is a continuous one-to-one mapping. 
Since both S'^{K) and A{V) are Frechet spaces, the continuity of the inverse 
operator Cj} is ensured by the open mapping theorem. Theorem 13. lUI is proved. 

□ 



5. LOCALIZABLE INDUCTIVE SYSTEMS 

The results of the preceding section show that the localization properties de- 
scribed by Theorems 13 . 61 ITTl and 13. 81 hold for ultrafunctionals carried by proper 
closed cones. To prove these theorems in their full volume, we have to show that 
the properties of the inductive system 5* formed by the spaces Si{K) over proper 
closed cones are inherited by the inductive system U formed by the spaces U{K) 
over arbitrary closed cones. We shall obtain the desired localization properties 
of W as a consequence of a more general algebraic construction formulated in 
terms of (pre)localizable inductive systems introduced by Definition 15.31 below. 
In contrast to Section EJ all considerations in this section are purely algebraic. 

Recall that a partially ordered set A is called a lattice if every two-element 
subset {«!, 02} of the set A has a supremum ai V 02 and an infimum ai A 02- 
A lattice A is called distributive if ai A (^2 V 03) = (ai A ^2) V (ai A as) for any 
«!, a2, as G A. 

Definition 5.1. Let A be a partially ordered set. We say that A is a quasi- 
lattice if every two-element subset of A has an infimum and every bounded 
above two-element subset of A has a supremum. We say that a quasi-lattice A 
is distributive if ai A (02 V 03) = (ai A 02) V (ai A a^) for every bounded above 
pair a2,a3 E A and every ai E A. 
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Clearly, every (distributive) lattice is a (distributive) quasi-lattice. If A is a 
distributive lattice, then we have 

(ai V 0^2) A («! V as) = ((ai V 02) A ai) V ((ai V 0:2) A 0:3) = 

= «! V ((«i A «3) V (^2 A tta)) = «! V (^2 A ^3) 
for any ai, 02, 03 G A. By induction, it follows that 
(5.1) inf (a V a^) = a V inf 

for any a E A and every nonempty finite family {aajji^gn of elements of A. 

Definition 5.2. We call a lattice A infinitely distributive if every nonempty 
subset of A has an infimum and the condition (j5.1|) is satisfied for an arbitrary 
(not necessarily finite) family {a^}ujen of elements of A. 

Note that a distributive lattice may be not infinitely distributive even if all 
its subsets have an infimum (see, e.g., f3^. Section II. 4, exercises 17 and 18). 

We call a nondecreasing mapping A from a quasi-lattice A into a quasi-lattice 
B a morphism of quasi- lattices if A(ai A 0^2) = A(ai) A A (02) for any ai, 02 G A 
and A(ai V 0^2) = X{ai) V A(a;2) for every bounded above pair ai, 02 G A. 

In the rest of this section, we study abstract inductive systems of vector spaces 
indexed by (quasi-) lattices and systematically use the corresponding notation 
introduced in the end of Section |21 

Definition 5.3. An inductive system X of vector spaces over a quasi-lattice A 
is called to be prelocalizable if the following conditions are satisfied: 

I The mappings p'^^, are injective for any a,a' E A, a < a'. 
II If a pair ai,a2 G A is bounded above and x G X{ai V 0:2), then there 

are 0:1,2 G ^'(^1,2) such that X = Pa,,a,S/a2i^l) + Pa2,a^^/a2{^2)■ 
lll If a pair ai,a2 G A is bounded above by an element a G A, a;i,2 G 
'^(«i,2), and Pa-^,Q,(a;i) = Pa2,a(-^2), then there is an a: G X{aiAa2) such 

that Xi = P^^iAa2,ai(^) and X2 = Pa^/^a2,a2i^)■ 

We say that the inductive system X is localizable if every nonempty subset of A 
has an infimum and instead of III the following stronger condition is satisfied: 

III' Let {<yuj}ujen be a nonempty family of elements of A bounded above 
by an a G A, and let a family {x^}^^q be such that x^ G X{a^) and 
Pa^,ai^(^) = Pa ,,ai^oj') for any CO, to' G fl. Then there is an x G X{a) 
(a = inf^gQ a^) such that x^ = p^ a^{x) for any u E Q. 

Let M be a closed cone in M'^. The (ordered by inclusion) set V{M) of all 
proper closed cones contained in M is a distributive quasi-lattice, while the set 
/C(M) of all closed cones contained in M is an infinitely distributive lattice. 
As shown by the properties a)-c) hsted in Section the inductive system over 
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/C(M'^) formed by the spaces S'^{K) (a > 1) is prelocalizable (in fact, it is even 
localizable, see the paragraph following the formulation of Theorem \'2.b\i . 

A subset / of a quasi-lattice A will be called A-closed if ai A a2 & I for any 
«!, a2 G /. If / is a finite subset of a quasi-lattice A, then one can find a finite 
A-closed set I' G A containing I (for instance, the set consisting of infima of all 
subsets of I can be taken as /'). 

Lemma 5.4. Let A be a distributive lattice, a & A, and X be a prelocalizable 
inductive system over X . Suppose I is a A-closed subset of A such that a' < a 
for any a' E I and a = ai V . . . V for some ai, . . . ,an & I ■ Then the space 
X{a) is canonically isomorphic to lim ^^^X{a'). 

The proof of this lemma is completely analogous to the algebraic part of 
the proof of Lemma 12.81 and is omitted. The following result is an immediate 
consequence of Corollary 14.41 Lemma [4.71 and Corollary 14.91 

Lemma 5.5. The inductive system S over V{M.^) formed by the spaces S'i{K) 
is localizable. 

Theorems 13.61 13.71 and 13.81 can be reformulated in terms of localizable induc- 
tive systems as follows. 

Theorem 5.6. The inductive system lA over /C(R'^) formed by the spaces hl{K) 
is localizable. 

Let X be an inductive system over a partially ordered set A. For every 
/ C A, we define the inductive system X^ over / setting X^ {a) = X{a) and 
Paa' — Paa' «' (i.e., X^ is the "restriction" of X to J). If 

I G J G A, then there are canonical mappings rfj: limA''^ — > lim A''^ satisfying 

the relation rfjp'^' = p'^' for any a G /. Let A be a nondecreasing mapping 
from A to a partially ordered set B. With every /? G -B we associate the set 
Aj3 = {a E A \ \{a) < P} and define the inductive system \{X) over B setting 

X{Xm = limX^^ and p^J^^) = r^^^^, for l3,f3'eB,(3< (3'. 

The inclusion mapping 6: P(M'^) — /C(M^) is clearly a morphism of quasi- 
lattices. By definition of the inductive system U, we have U = 9{S) and, 
therefore. Theorem 15 . 61 follows from the following more general statement. 

Theorem 5.7. Let A be a distributive quasi-lattice, B be a distributive lattice 
and X: A ^ B be an infective quasi-lattice morphism such that every element 
13 E B is representable in the form (3 = A(«i)V. . .VA(a„), where ai, . . . ,an E A. 
If X is a prelocalizable inductive system of vector spaces over A, then X{X) is 
a prelocalizable inductive system of vector spaces over B. If X is a localizable 
inductive system over A and the lattice B is infinitely distributive, then the 
inductive system X{X) is localizable. 
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The proof of Theorem 15. 71 is given in Appendix 1X1 

Remark 5.8. Under the conditions of Theorem 15 .71 for every quasi-lattice mor- 
phism if from A to a distributive lattice L, there is a unique lattice morphism 
ip: B ^ L such that if = ipX. This means that B is the free distributive lattice 
over the partially ordered set A (see jS], Sec. 1.5, Definition 2). 

Let Ki, . . . , Kn be convex closed proper cones in M.^ such that [j^^i Ki = M'^ 
and let / be the set consisting of all intersections of the cones Ki, . . . , Kn- It 
follows from Theorems 13.101 and 15.61 and Lemma 15.41 that W(R^) is canonically 
isomorphic to the space lim^^^^(int K*). In the next section, we shall establish 
the bijectivity of the Fourier transformation by proving that for some choice of 
the cones K^, the latter space is isomorphic to i3(]R'^). To this end, we shall 
need to pass from the above inductive limit representation of U(M.'') to another 
representation similar to that given by Martineau's edge of the wedge theorem 
for hyperfunctions. We conclude this section by describing the corresponding 
procedure in terms of abstract inductive systems. 

Recall [2] that a partially ordered set A is called a lower semilattice if every 
two-element subset {01,02} of the set A has an infimum ai A a2- Recall also 
that a subset / of a partially ordered set A is called cofinal in A if every element 
of A is majorized by an element of /. 

Lemma 5.9. Let T be a set, A be a lower semilattice, X be an inductive system 
over A, and X be a mapping from T to A such that A(T) is cofinal in A. Let 'N 
be the subspace of (BreT'^iXlr)) spanned by all vectors of the form 

(5-2) irPA(T)AA(r'), A(r)^ ~ Jt' Px(r)AX{T'), A(t')^' 

where r,r' E T, x E X{X{t) A A(r')), and is the canonical embedding of 
X{X{t)) into ©T-gj'A'(A(r)). Then we have a natural isomorphism 



The proof of Lemma 15.91 is given in Appendix FBI 

Corollary 5.10. Let A be a finite lower semilattice and X be an inductive sys- 
tem over A. Let Oi, . . . , a„ be a family of elements of A containing all maximal 
elements of A and !N be the subspace of ®'^=iX{ai) consisting of the vectors 
) whose components are representable in the form 



where xu G X{ai A ai), xu = —xu, and ji is the canonical embedding of X{ai) 
into (B^=iX{ai). Then we have a natural isomorphism 



(BreTXiX{T))/y^-\miX. 



n 



(5.3) 




1=1 
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Proof. Obviously, a subset / of a finite partially ordered set A is cofinal in A if 
and only if it contains all maximal elements of A, and in view of Lemma [5.91 it 
suffices to show that !N" coincides with the subspace !N"' of ©"=iA'(aj) spanned 
by the vectors of the form jiPa^Aaua^V - JiPa^AauaiV with y G X{ai A ai). Let 
a; G 3Nf'. Then we have 



n n 



i,l=l i=l 1=1 

where yn & X {ai A ai) . Setting xn = yu — yu, we see that the components of x 
have the form and, therefore, x G !N. Conversely, let x be the element of 
X whose components have the form (j5.3|) . Then in view of the antisymmetry of 
Xii we have 



n n \ '" 



2 / J \J I'T ciiAauCii'^il JlPaiAai,ai-^il) 
i=l 1=1 1,1=1 



and, therefore, x E'N' . Thus, 74 = 'N' and the corollary is proved. □ 



6. BijECTiviTY OF Fourier transformation 
In this section, we give the proof of Theorem IH.llI 

We first consider the one- dimensional case, when the spaces of hyperfunc- 
tions and ultrafunctionals have very simple structure and the bijectivity of !F 
can be derived immediately from Theorem 13.101 without any reference to al- 
gebraic constructions of the preceding section. Let HiV) denote the space of 
functions holomorphic in an open set V G C According to Sato's definition, 
hyperfunctions on an open set O C M are the elements of the quotient space 
H(y\0)/ H(y), where V is an open set in C containing O as a relatively closed 
subset and H(y) is assumed to be embedded in H{V \ O) via the restriction 
mapping. It is important that all such quotient spaces are naturally isomorphic 
to each other and, therefore, this definition actually does not depend on the 
choice of V (see, e.g.. Section 2 of jtS^ or Section 3.1 of [HI). In particular, we 
can set B{R) = H{C \ R)/H{C). For v G H{C \ M), we denote by [v] the 
corresponding element of i3(]R). Let the operators j±: iJ(C±) H{C \ M) be 
defined by the relations 

The boundary value operators b]g^ : ^(R-t) B^R) and b]g: A{R) B{M) are 
given by 

(6.1) biR^v± = ±[j±v±], bigv = biR_^(v|c+) = b]R_(v|c_), 
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where v± G ^(]R±), v G ^(M), and v|c± are the restrictions of v to C± (note 
that A{R±) = H{C±) and A{R) = H{C)). By Theorem CTTl and the defi- 
nition of 14 (M.), the Laplace operators Ck determine an isomorphic mapping 
C : U(M.) — i> \im^^^^^^^ A{mt K*) . The set P(M) contains only three elements: 

M+, ]R_, and {0}. By definition of the inductive limit, we have 
lim ^(int K*) = {A{R) © A{R+) © A{R-))/N, 

where N is the subspace of ^(R) © ^(M+) © ^(]R_) spanned by the vectors 
of the form (v, — v|c+,0) and (v,0, — v|c_) with v G ^(M). Let the mapping 
s: A{R) © A{R+) © A{R^) B(R) be defined by the relation 

(6.2) s(v, v+, v_) = b]RV + biR^v+ + biR_v_ 

and let s: lirn ^^^^^p^^ ^(int K*) — ^ B(R) be the mapping induced by s. By 
definition of the Fourier operator JF, we have JF = sC Thus, to prove the 
bijectivity of JF, it suffices to show that s is one-to-one. In other words, we have 
to show that (v,v+,v_) G if s(v,v+,v_) = 0. In view of (jb.lj) and (j6.2j) . 
the last condition means that [j+(v|c+)] + b+v+] — [j-V_] = 0. In other words, 
there is a u G A{R) such that v|c+ -|- v+ = u|c+ and — v_ = u|c_. This implies 
that 

(v, v+, v_) = (v - u, -(v - u)|c+,0) + (u,0, -u|c_). 

Thus, (v, v+, v_) G and Theorem 13.111 is proved for the case k = 1. 

Let us now consider the general case. With every set x^, . . . , of vectors in 
R^ we associate the cone K{x^, . . . ,x'') = {x ^R^ \ x = tix^ + . . . + tix\ tj > }. 
Let x^, . . . , x^^^ be vectors in R^ such that K{x^, . . . , x^^^) = R^. For i,j = 
1, . . . , + 1, z 7^ j, we set 

Ei = {^eR''\{^,x,)>0}, 

Fi = El n . . . n n . . . n Ek+i, = n . . . n n . . . n n . . . n Ek+i, 

where (■, ■) is the symmetric nondegenerate bilinear form on R^ entering in the 
definitions of the Fourier and Laplace transformations and the hat means that 
an element is omitted. It is easy to see that [Jl^l Ki = R'' and Ki n Kj = Kij. 
Furthermore, we have Fj = int K* and Vij = int K*j. Let I denote the finite set 
consisting of all possible intersections of the cones Ki, . . . , Kk^i. By Lemma 1^31 
and Theorem 15.61 there is a natural isomorphism /: U{R^) \im^^^U{K). 
By Theorem I3.10t the Laplace operators Ck determine an isomorphic mapping 
£: lim U{K) -> lim A{intK*). Let N be the subspace of ©f+i^^(Fi) 
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consisting of the elements (vi, . . . , v^+i) such that 

fc+i 

i=i 

where Vjj = —vji belong to AiVij). By Corollary IS.lOt we have a natural 
isomorphism m: lim^^^ ^(int K*) — > ^i^lA^Tij/'N. Let b be the mapping 
from ®^+^A{T,) to B{R^) defined by the relation 

fc+i 

6(vi,...,Vfc+i) = ^br,Vi, 

i=l 

where bp, are the boundary value operators. Obviously, we have the inclusion 
?\f C ker6 and, therefore, b determines a mapping b: (B^^i A{Ti)/J^ — > i3(M^). 
From the definition of the Fourier operator JF, it easily follows that = bmCl. 
Thus, it suffices to establish that 6 is a one-to-one mapping. Let B be the 
mapping from ©f+/^(ri) to B{R^) defined by the relation 

fc+i 

5(vi,...,Vfc+0 = E(-^)'br.v,. 

i=l 

Let the mapping S: Q)i<j AiVij) — > (BiA(Ti) be defined by 

l<i<j j<i<k+l 

It is easy to see that Im 5 C Ker B and, consequently, B determines a mapping 
B : ©f+iM(ri) /Im 5 B(R^). As shown in (see formula 2.5 of Chapter 7 and 
Corollary 7.4.6) this mapping is one-to-one. Let r be the isomorphic mapping 
from ®'^^^A{Ti) onto itself defined by 

(rv)i = (-l)Vi, V = (vi,...,Vfc+i). 

Then we have b = tB and lm6 = T(}sf). Therefore, the bijectivity of B implies 
that of b. Theorem 13.111 is proved. 

Remark 6.1. Let 

5J= (C^T^^...,T^'=+0, ^' = (T^\...,T^'=+0, 

where T^^ = + iEj. The above isomorphism B : ©f+i ^(ri)/Im5 ^ i3(M^) 
gives the Cech cohomology representation of B(M.'^) if (5J, 23') is used as a relative 
Stein open covering of (C'^, C'^ \ R'^) (see details in P, Sec. 7.2). 
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7. Conclusion 

The obtained results suggest the way of constructing "nontriviahzations" of 
some seemingly trivial generalized function spaces. We conclude this paper by 
indicating some possible results of this type in the framework of the Gurevich 
spaces described in Chapter I of the book [2]. Let fl and M be monotone 
convex nonnegative differentiable indefinitely increasing functions defined on the 
positive real semi-axis and satisfying the condition Q{0) = M(0) = 0. The space 
W||(M'^) is the union (inductive limit) with respect to A, B > of the Banach 
spaces consisting of entire analytic functions on C'^ with the finite norm 

sup \f{z)\exp[M{Ax) - n{By)]. 

If Q and M grow faster than any linear function, then the Fourier transformation 
isomorphically maps the space W^KM*"') onto the space W^;(R''), where 

M,(s) = sup(st - M(t)), = sup(st - n{t)) 

t>0 t>0 

are the dual functions of Q and M in the sense of Young. For < a < 1 and < 
P <l, the space (M*=) coincides with the space W^j(R^) with n{s) = s^/^^"^) 
and M{s) = s^/". In particular, S^{R^) = W^{R^), where = M(s) = s. 
By analogy with Definitions 12.11 and 13. H one can make 

Definition 7.1. Let U he a. cone in M'^ and Q and M be functions with the prop- 
erties specified above. The Banach space W^'^{U) consists of entire analytic 
functions on C'^ with the finite norm 

sup \f{z)\exp{M{\x/A\)-n{6u{Bx))-Q{\By\)), 

where Su{x) = mi^'^u \x — x'\ is the distance from x to U. The space W^j{U) is 
defined by the relation 

<(f/) = U 

A,B>0,UZiU 

where U runs over all conic neighborhoods of U and the union is endowed with 
the inductive limit topology. 

Further, we can introduce the following definition analogous to Definition 13.41 

Definition 7.2. Let i^' be a closed cone in M'^. The space U^i{K) is defined to 
be the inductive limit lhn^,gp|.^-j W^mI-^); where V{K) is the set of all nonempty 
proper closed cones contained in K. A closed cone K is said to be a carrier cone 
of an element u G W^(M'^) if the latter belongs to the image of the canonical 
mapping from Uf[{K) to Uf[{R^). 

The results obtained in this paper suggest the following conjecture: 



FOURIER TRANSFORMATION OF SATO'S HYPERFUNCTIONS 



27 



Hypothesis 7.3. Let the defining functions Q and M be such that M{s) < 
Q{as) for some a > 0. Then the following statements hold: 

(1) The space U^j(R'') is nontrivial regardless of the triviality or nontriviality 
ofW^.iR'^). 

(2) If W^j{M.^) is nontrivial, then U^.j{Ml') is canonically isomorphic to the 
space W'j^^iR''). 

(3) Theorems\EIM \3-'A and\EIB are valid for the spaces Um{,K). 

(4) One can canonically define the Fourier transformation that isomorphi- 
cally maps Wl}(M'=) onto U^[*{R''). 

Note that the Fourier transformation on W{^^(M^) cannot be constructed as 
that of ultrafunctionals because the elements of W^/(R'^) grow faster than expo- 
nentially and their Laplace transformation is not well defined. 

Appendix A. Proof of Theorem 15.71 

This appendix is organized as follows. We first introduce some additional no- 
tation concerning inductive systems, which will also be used in proving Lemma 
in Appendix^ Then we derive several auxiliary results f Lemmas IA.lflX75|) and, 
finally, prove Theorem 15.71 

Let X be an inductive system over a partially ordered set A. For J C A, 
we denote by Tj^ the set of triples (x, a, a') such that a, a' G /, a < a', and 
X e X{a.). If (x, G Tjf, then we set cr'^(x, = 1"^% — ta'Paa'^ (recall 

that is the canonical embedding of X{a) into (Ba'eA^ici'))- We denote by 
Nf the subspace of Q)a'€A^{ci') spanned by all a'^{x, a, a') with ( GTf. 
For I C A, we denote by Mf the subspace ©Q,g/A:'(a;) of the space Q)a€A^{ci)- 
Obviously, the space limA'^ is isomorphic to Mf /Nf. We denote by jf the 
canonical surjection from Mf onto limA'^. li I G J G A, then we have 

(A.l) rfjjfx=jjx, xGMf. 

We say that a subset / of a partially ordered set A is hereditary if the relations 
a G / and a' < a imply that a' G /. 

Lemma A.l. Let X be a prelocalizable inductive system of vector spaces over 
a distributive quasi-lattice A. If I is a hereditary subset of A, then Nf (iMf = 
Nf. 

Proof. The inclusion Nf G Nf fl Mf is obvious. To prove the converse inclu- 
sion, it suffices to show that NfCiMf G Nf for every finite A-closed J G A. For 
a G J, we denote by k{a) the cardinality \ Ja\ of the set Jq = {a' G J \ a' > a}. 
It is obvious that a = inf Jq,. Therefore, if a,a' G J, a a', and k{a') > k{a), 
then we have Ja 7^ Ja' and, consequently. A; (a A a') = \JaAa'\ > \Ja^ Ja'\ > 
\Ja\ = k{a). For n G N, set C„ = {a G J | k{a) > n}. We have J = Ci D C2 D 
. . . D = {a}, where a = inf J, and C„ = for n > | J|. We shall say that 
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an X G Nj fl Mj admits a decomposition of order n if there are a family of 
vectors x^a' £ X{a) indexed by the set {(a, a') : a G C„, a' G J \ /, a < a' } 
and an element x G A?^^ such that^ 

(A. 2) x = x+ cr'^(xQa/, a, a'). 

aeC„,a'GJ\/,a<a' 

If X has a decomposition of order > | J|, then x G Nf . Therefore, the lemma will 
be proved as soon as we show that every x G Nf fl Mf- admits a decomposition 
of order n for any n G N. Since / is hereditary, every x G Nj fl Mf- has 
a decomposition of order 1, and we have to show that x has a decomposition 
of order n + 1 supposing it has a decomposition of the form ()A.2|1 of order n. 
To this end, it suffices to establish that (T*^(xq,q,/, a, a') has a decomposition of 
order n + 1 for every a & Cn-, a' J \ I such that a < a' and A; (a) = n. Let 
K = {13 & Cn \ [3 < a' , [3 ^ a} . Since a' ^ I, the a'-component of x is equal to 
zero and by ()A.2|) we have 

(A. 3) p-^^, Xaa' + ^ Ppa' ^l^a' = 0- 

/3eA 

If A = 0, then the injectivity of p^^, implies that Xaa' = and <7'^{xaa', «, a') = 
0. Therefore, in this case, (T'^(xQ,a/, a, a') admits decompositions of all orders. 
Now let A 7^ and /3 = sup A (the element /? is well defined because A is a finite 
set whose elements do not exceed a'; note that /3 does not necessarily belong to 
J) . Set y = Xl/jeA P xpa' ■ Then it follows from (IA.3D that p;^^, +p|^, y = 0. 

Hence, by III there is a z E X{P A a) such that Xa^/ = P"^^^ ^ z. Because the 
quasi-lattice A is distributive, we have /3 A a = sup^g^ P Aa and by II, there is 
a family {z^j^gA such that Zfs G .^(/^ A a) and z = J^peAPp/^a p/\a ^1^' i^^s 
have Xaa' = Y^fSeA P^Aa, a and, consequently, 

(A. 4) (y'^ {Xaa'i 01-, Oi') = ^^['^'^(-2/3? « A /?, a') — Or'^{Zf3, A /?, «)]. 

/3eA 

If a G /, then we set y = -a^{zp,a A P,a) and y^y = Sy^a'Y.f3eA,aAi3=^^P^ 
where 7,7' G J and 6y^a' = 1 for 7' = a' and = for 7' 7^ a'. If a ^ /, 
then we set y = 0, y^y = ^y.a' E/3eA,aA/3=7 ^/^ " ^Y,»Y/3eA,aAp=^ ^P- Since 
A /5) > A;(a) = n for /? G A, it follows from ()A.4|) that 

a^{xaa',a,a') = y+ ^^(1/77'' 7, 7'), 

7GC'„+i,7'eJ\/,7<7' 



Here and below, we assume that the sum of a family of vectors indexed by the empty set 
is equal to zero. 
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i.e., a'^{xaa', a, a') admits a decomposition of order n+1. The lemma is proved. 

□ 

Corollary A. 2. Let A be a distributive quasi- lattice, X be a prelocalizable in- 
ductive system over A, and I G J G A. If I is a hereditary subset of A, then 
the canonical mapping rfj-. limX^ limA'"^ is injective. 

Proof. Let x G limA''^ and rfjX = 0. By the surjectivity of jf, there is an 
X G Mf such that x = jfx. It follows from ()A.1|) that jjX = 0, i.e., x G Nf. 
Therefore, x G Mf fl Nf and in view of Lemma lA.ll we conclude that x G Nf 
and X = jfx = 0. The corollary is proved. □ 

Lemma A. 3. Let X be an inductive system over a partially ordered set A and 
Ii and I2 be hereditary subsets of A. Then for every x G Nf^^jj^, there are 

^1,2 G ^^^^ ^^^^ X = Xi + X2- 

Proof. Let A be the set of all pairs (a, a') such that a, a' G /i U I2 and a < a'. 
By definition of A^^^j-^ there is a family {xaa'}{a,a')eA such that Xaa' & X{a) 
and X = Q,')gA ^"^i^aa', C(, We have x = Xi + X2, where 

xi= ^ a'^{xaa',a,a'), X2 = ^ a'^{xaa',a,a'). 

{o,a')GA, «'G/i {a,a')eA,a'eh\h 

Since Ii^2 are hereditary, we conclude that Xi^2 ^ ^h2- '^^^ lemma is proved. □ 

Lemma A. 4. Let A be a distributive quasi-lattice, X be a prelocalizable induc- 
tive system over A. Let J G A, and /i,/2 be hereditary subsets of A contained 
in J. Suppose X\^2 £ limA'"'^^'^ are such that rf^ jXi = jX2- Then there is an 
X G \\mX^^^^^ such that Xi = Ti^nhJi^ ^'^^ ^2 = '^hni2,h-'^- 

Proof. Let Xi^2 ^ such that Xi^2 = jf 2^1,2- We have 

''"/1U/2, j''"/i,/iu/2^i ^ ''"/i, J^i = ''"/2, = ''"/1U/2, J''"/2,-flU/2^2• 
Since the sets /i^2 are hereditary, the set Ji U J2 is also hereditary and by Corol- 
lary lOl the mapping rf^^i^ j is injective. Therefore, rf^j^^h^^ = ^hjiuh^-^ 
and using ()A.1|) . we obtain jjj'yj'2(a;i — X2) = 0. This means that X1—X2 G Aj^^j-^- 
By Lemma IA.3[ there are yi^2 ^ ^^'^^ ^^^^ Xi — X2 = yi + y2- Set 

X = xi - yi = X2 + y2- Then £ G M]^ n Mj^ = Mf^^j^. Set x = jfnh^. 
Then x G lim A''^^''''^^ and it follows from ()A.1|) that 

'^hnh, h-'^ ~ '^hnl2,h3linl2^ — Jhi^l "~ Uu = ^l; 
''"/in/2,/2^ = '^hni2,h3hni2^ = Jhi^'i + 2/2) = a;2- 
The lemma is proved. □ 
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Lemma A. 5. Let A be a quasi-lattice, B be a lattice, and X: A ^ B be an 
injective quasi-lattice morphism such that any element j3 E B is representable 
in the form f3 = A(«i) V ... V A(a„), where ai, . . . , a„ G A. Then we have 

1) If a, a' G A and A(a') < A(a), then a' < a. 

2) If l3,P' G -B, < P, and (3 = A(a) for an a E A, then there is a unique 
a' & A such that (3' = A (a'). 

3) If A' G A has an infimum in A, then X{A') has an infimum in B, and 
A(inf A') =inf A(A'). 

Proof. 1) We have X{a A a') = A(a) A A(a') = X{a'). In view of the injectivity 
of A it hence follows that a /\a' = a' . This means that a' < a. 

2) Let «!, . . . , G A be such that (3' = A(ai) V ... V A(a„). Since X{aj) < j3, 
in view of 1) we have aj < a for any j = 1, . . . ,n. Therefore, the element 
a' = «! V . . . V a„ is well defined and satisfies the relation A (a') = A(ai) V ... V 
A(a„) = P'. The uniqueness of a' follows from the injectivity of A. 

3) Obviously, X{mi A') < (3' for any (3' G X{A'). Let p e B be such that 
P < P' for all p' G X{A'). Then by 2), there is an a G A such that p = X{a), 
and in view of 1) we have a < a' for every a' G A'. This implies that a < inf A' 
and p < A(inf A') and so A(inf A') = inf A(A'). 

The lemma is proved. □ 

Proof of Theorem \5. 7} Let Z = X{X). Note that A^ is a hereditary subset of A 
for any P E B. The fulfilment of the conditions I and III for Z therefore follows 
from Corollarv I A. 21 and from Lemma E31 respectively. Let Pi^2 ^ B, P = PiV P2, 
and X G Z{P). Since Z{P) = limA:'"^'', there are ai,...,am G A and Xi G 
X{ai), . . . , G X{am) such that X{aj) < P and x = J2f=i Pa^ ^j^ where p'^. is 
the canonical mapping from X{aj) into lim X^i^. Choose 7J, . . . , 7^, 72, . . . , 72 G 
A such that 

A = A(7j) V ... V A(7D, P2 = X{^1) V ... V A(7^). 

The distributivity of B implies that 

A(a,) = X{a,) A ipi V P2) = Xiiaj A 7^) V ... V (a,- A 7*)), j = 1, . . . , m, 

and by the injectivity of A, we have aj = {aj A 7I) V ... V {aj A 72). Since X 
satisfies the condition II, for any j = 1, . . . ,m there are yj G X^ajAjl), . . . ,yj G 
X{aj A 7^) and Zj G X{aj A 72), . . . , ;z* G X{aj A 72) such that 

s t 
1=1 1=1 
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Set y = Er=i E, 
Z(/?2) and we have 



s 01 

1=1 r 



Em sT^ 
j=i 2^ 



t 132 

1=1 p. 



Then y E Z{(3i), z E 



m t 



i=i 1=1 



j=i 1=1 



t 



A'v! . n. 



1 1=1 



Thus, the inductive system X satisfies the condition II and, consequently, is 
prelocalizable. 

We now suppose that the lattice B is infinitely distributive and A' is a localiz- 
able inductive system and check that Z satisfies the condition III'. Let {Pui}ui€n 
be a nonempty family of elements of B bounded above by a /3 E B, and let 
{xu}}ujen be a family such that E Z{P^) and y = p'^^^^x^) does not depend 
on uj. 

We first prove the statement for the case when = A(ao) for some ojq eVL 



and ao ^ A. For brevity, we write j3o = P^jq and xq = x^^. Set P'^ = Pui /\ Po- 
Since < Pq, by Lemma FA.SI there are (uniquely defined) a^^ E A such that 
c^ui < «o and = A(a^). Because Z satisfies the condition III, there are 



x. 



^2{Pi 



such that p^, ^/3gX'„ 



Xq and p|, ^ 



X. 



for every cu E ^l. The 



canonical mapping p^''"^ from X{a) into 2(A(a)) = limA'"^^(°) is isomorphic for 
any a E A because A (a) is the biggest element of the set Ax(a)- Therefore, 
for any uj E Q there exists a unique x^j E X^a^j) such that x'^ = piZ^u- We 
^ ^ Pa^""^ Pa'a fo^ Ci' , C( E A such that a' < a. Hence 



P\{a'),\(a)Pa' 



ptp^ ...X 



Xq and, consequently, p'^ 



, "0 



(Pao) ^0 does 



not depend on cj. Let a = inf^^gQ and P = A(a). By Lemma fA.5l we 
have P = infa;gn P'^ = ini^^^ P^. In view of the localizability of X there is an 



X E X{a) such that x^ 
and we have 



P&,a^^ for all LJ E Q. Set x 



p^x. Then x G 



Pp,l3^^ ~ PPL,P<-P^,i3iP&^ - PPL,P^PZP\ 



X 



We now consider the general case. Let P = inf^g^ and J be a finite A- 
closed subset of B such that J C \{A) and P = supQgjA(a). As in the proof 
of Lemma fA.H we denote by (7 E J) the set {7' G J | 7' > 7}. For n E N, 
set C„ = {7 G J I I Jyl > n}. We have J = Ci D C2 D ■ ■ ■ D C\j\ = {7}, where 
7 = inf J, and C„ = for n > \J\. It suffices to show that for any n G N, there 



32 



A. G. SMIRNOV 



is a family {y-y}'yec„ such that y-y G ^(7) and 
(A.5) y = pl^y+J2 P^,pyi^ 

76C„ 

where y G Z{j3). We prove this statement by induction on n. For n = 1, the 
existence of a decomposition of the form ()A.5|) follows from the condition II. 
Therefore, it suffices to show that if ()A.5|) holds for some n G N, then for any 
7 G Cn there is a family {yy}7'e(7„+i such that yy G 2(7') and 

7'ec„+i 

where y^ G A 7). Let fl' be the disjoint union of fl and a one-element set 
{x} (x ^ Q). Set = 7 and/?:, = Vsup(C„\{7}) for u; G 1] (if CA{7} = 0, 
then we assume P'^ = (3^})- For every G we define an element G Z{[3'^) 
setting x'^ = y^ and 



x' 



7'eC„\{7} 



for G fi. It follows from ()A.5|) that the element pfi ^px'^ does not depend 
on G Q'. Let /?' = inf^g^/ z^^^. Since G X{A), we can apply the result of 
the preceding paragraph and find an x' G such that y^ = x'^ = p^,^^x'. 

Because the lattice B is infinitely distributive, we have 

/?' = (/3A7)V sup (7'A7) (/3' = /3A7for C„\{7} = 0). 

7'ec^n\{7} 

Hence, by II, there are y^ G Z{P A'j) and a family {zY}-y'ec„\{-y} such that Zy G 
Z(y A 7) and = pf^^^^y^ + Eyec„\{7} PyA7,7 Because 7' A 7 G Cn+i for 
7', 7 G C„ and 7' 7^ 7, we can rewrite the last decomposition in the form ()A.6|) . 
Theorem 15 .71 is proved. □ 



Appendix B. Proof of Lemma 15.91 

In what follows, we use the notation introduced in the beginning of Appen- 
dix El 

Let / be the linear mapping from ©T-g2-A'(A(r)) to (BaeA'^{c() such that /jV = 
i^^^^ for any t The operator I carries the vector (j5.2j) to the element 

(B.l) t'aPaAa',a^ " >^a' PaAa' , a' ^ = i^^ " ^ " ^^^i^^ " ^ 

where a = A(r) and a' = A(r'). This implies that /(X) C and hence !N" C 
Kerj'^l. The mapping j'^l therefore uniquely determines a mapping m: (Brer 
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A'(A(r))/IN" limA'. To prove the lemma, we have to show that m is an 
isomorphism. To this end, it suffices to estabhsh the opposite inclusion 

(B.2) 3< D Ker fl. 

Set / = A(T). Let a mapping A': / ^ T be such that A(A'(a)) = a for any 
a G / and let the mapping /': Mf (BreT'^i^iT')) be defined by the relations 
I'l^x = jx'{a)X for any a G / and x G X{a). Clearly, Iml' coincides with the 
subspace E of ©T-grA'(A(r)) spanned by all elements jrX with r G A'(/) and 
X G X{X{t)). Moreover, we have I'lx = x for any x & E. Let us show that 
every x G ©T-gT'^(A(r)) can be decomposed as x = n + x', where n G !N" and 
x' G E. It suffices to consider the case x = jrV, where t E T and y G X{\{t)). 
Let t' = A'(A(r)). Then we have A(r) = A(r') and, consequently, the element 

= jrV — jr'U belongs to !N". Setting x' = x — n = jr'y, we obtain the desired 
decomposition because r' G A'(/). 

Let !N be the subspace of Mf spanned by all vectors of the form LaPaAa',a^ ~ 
ia'Paha' a'^ with «, «' G / and X G X{a A a'). We obviously have 

(B.3) /(X) = X, l'{J<) C K. 

The inclusion ()B.2|) can be easily derived from the equality 

(B.4) Nf n Mf = K 

which will be proved a little bit later. Indeed, let x G Ker j'^/. Then we have 
Ix G Kerj'"^ = and in view of the obvious inclusion lm.1 C Mf it follows 
from ()B.4|) that G Jsf. According to the above we can write x = n + x', where 
72 G !N and x' G E. By ()B.3|) . we have In E J4 and, therefore, /x' G !N. Since 
x' G -E, we have x' = /'/x' and it follows from ()B.3|) that x' G X. Thus, x G ?\f 
and the implication ()B.4|) =^ ()B.2|) is proved. 

It remains to prove ()B.4|) . The inclusion Jsf C Nf fl Mf obviously follows 
from ()B.1|) and we have to verify that x G !N supposing x G NfnMf. Let a', a G 
A be such that a' < a and let y G A'(a'). Since the set / is cofinal in A, there is a 
/3 G / such that /3 > a, and we have cr'^{y, a', a) = cr'^{y, a', P) — (^"^ {pf aV y P)- 
Therefore, when writing sums of the elements of the form a'^{y,a',a), we can 
always assume that a G /. In particular, since x G Nf, we can write 

(B.5) x= (J'^(xq,'q,, a', a) = 

{a' ,a)GAxI , a'<a 

^ ^ cr'^(x„'„,a',a) + ^ cr'^(xc,'a,a',a), 

where C(a') = {a G < a} and the family {xa'a}{a',a)£Axi contains 

only finite number of nonzero elements. It is obvious that the second sum 
in the right-hand side belongs to IN". Therefore, it suffices to show that ya' = 
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J2a£C{a')'^'^i^a'a,C(',C() belongs to !N for any given a' E A\I. Since the a'- 
component of x is equal to zero, the equality ()B.5|) implies that J2a£C{a') ^a'a = 
0. Fixing an a G C{a'), we therefore obtain 

a€Cia')\{a} 

Using (jB.ljl and the relation 

a'^{xa'a , a', ct) — o-'^{xa'a , ct' , ct) = a'^ {z, a A a, a) — a"^ {z, a A a, a), 
where z = p"^, ^/^^Xa'ai we conclude that Ua' G The lemma is proved. 
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